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Abstract
In this article in the framework of generalized Frolich model we
consider electron-spin-phonon system. A parameter of electron-spin-
phonon interaction is found. It is shown its interrelation with ex-
periments on isotope-effect on high temperature superconductors and
asymptotic transformation to BCS theory [1, 2].
PACS: 74.70.H
Keywords: Cooper’s pairs; Spin-fluctuation and phonon mechanism; Electron-
spin-phonon interaction
Experimental study of high temperature superconductors have shown
that electron-phonon interaction decreases with the raise of critical temper-
ature Tc [3]. Thus electron coupling based only on phonon mechanism – the
technique used to explain low temperature superconductivity – fails to ex-
plain high critical temperatures [4]. One can propose that in order to explain
high Tc a theory with more complex mechanism in which the role of phonons
decreases but does not vanish should be considered.
In this article in the framework of generalized Frolich model we will con-
sider electron-spin-phonon interaction which is formed by the sum of electron-
phonon, electron-spin and electron-spin-phonon interacting terms.
1
We start from the Hamiltonian of electron-spin-phonon system [5]
Hˆe+ph+s = Hˆe + Hˆph + Hˆs + Hˆe−ph + Hˆe−s + Hˆs−ph + Hˆe−s−ph (1)
Now let us write the terms corresponding to the interaction of electrons with
phonons and longitudinal spin modes
Hˆe−ph =
1√
V
∑ gph
ωD
i
√
h¯ωckν
2
(nνeν)(bˆk1ν + bˆ
+
−k1ν
)cˆ+k2 cˆ(k2−k1) (2)
Hˆe−s = η
(pνenν)√
µe
1√
V
∑
i
√
h¯ωsk
2
(aˆk1z − aˆ+−k1z)cˆ+k2 cˆ(k2−k1) (3)
Hˆe−s−ph = ζη
(pν′enν′)√
µe
(nνe3)
1√
V
∑
i
√
h¯ωck3
2
(bˆk13 − bˆ+−k13)cˆ+k2 cˆ(k2−k1) (4)
here gph, ζ , η – are the coupling constants of electron and phonon subsystem,
spin and phonon subsystem, electron and spin subsystem, a+, a; b+, b; c+,
c – creation and annihilation operators of magnons, phonons, and electrons,
ωD – is the Debye frequency, that is the maximum frequency of phonons
which take part in the interaction, vectors eν represent phonon polarizations
(ν = 1, 2, 3), nν = kν/|kν |, where kν is the wave vector, c – the sound velocity,
ωsk = J0s
√
(k/kc)2 − 1 – the frequency of the longitudinal spin mode linearly
coupled with phonons, J0 – the exchange potential, s = 1/2 is the spin of
electron, kc = 2pi/rc, rc – the exchange correlation radius, ωck1,2 = ck and
ωck3 = ck
√
1 + ζ2 – the frequency of the phonon mode linearly coupled with
the longitudinal spin mode, peν – momentum of electron, µe – electron mass.
Using generalized Bogoliubov’s transformation we represent operators a+,
a and b+, b in the following form [6]
aˆzk = uzzkcˆzk + v
∗
zz;−kcˆ
+
z;−k + uz3kdˆ3k + v
∗
z3;−kdˆ
+
3;−k (5)
aˆ+z;−k = u
∗
zz;−kcˆ
+
z;−k + vzzkcˆzk + u
∗
z3;−kdˆ
+
−k;3 + vz3kdˆk;3 (6)
bˆ3k = u33kdˆ3k + v
∗
33;−kdˆ
+
3;−k + u3zkcˆzk + v
∗
3z;−kcˆ
+
z;−k (7)
bˆ+3;−k = u
∗
33;−kdˆ
+
3;−k + v33kdˆ3k + u
∗
3z;−kcˆ
+
z;−k + v3zkcˆ3k (8)
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The integral equation for the energy gap is given by
∆(ε) =
∫ h¯ωc
0
∆(ε′)
ε′
Q(ε, ε′)th
ε′
2T
dε′,
where ωc is close to the order of maximum coupled spin-phonon oscillations.
The kernel of this integral equation can be written in the form Q = Qe−ph+
Qe−s+Qe−s−ph. Each term can be presented as the sum of the Green functions
using coefficients in (2)-(4) [7]. Considering the long-waves limit we get
Qe−ph(k) = N(0)
2g2ph
3ωD0
+N(0)
g2ph
3ωD0
√
1 + ζ2
[|u33k+v33k|2ωck3
ε3k
+|u3zk+v3zk|2ωck3
εsk
]
Qe−s(k) = N(0)
p2F
3µe
η2[|uzzk − vzzk|2ωsk
εsk
+ |uz3k − vz3k|2ωsk
ε3k
] (9)
Qe−s−ph(k) = N(0)ζ
2 p
2
F
9µe
η2[|u33k − v33k|2ωck3
ε3k
+ |u3zk − v3zk|2ωck3
εsk
]
here ωD0 – is the representative value of Debye frequency in the BCS theory
of low temperature superconductors, while ωD1 = ωD0
√
1 + ζ2 is the Debye
frequency in the electron-spin-phonon system, εsk and ε3k – are the frequen-
cies of coupled spin-phonon oscillations, and N(0) – is the density of electron
states on Fermi surface. Please note that gph is equal to zero when k > 2kF ,
while ζ and η are constants.
Let us now consider the additional contribution to the Coulomb repulsion
of electrons which appears as a result of spin-electron interaction. In the
simplest case of isotropic Fermi surface this contribution is given by [8]
∆µ = N(0)
p2F
3µe
η2 (10)
Now let us write the value of Qe−s(k) with this contribution
Qe−s(k) = N(0)
p2F
3µe
η2[|uzzk − vzzk|2ωsk
εsk
+ |uz3k − vz3k|2ωsk
ε3k
− 1] (11)
Substituting the explicit values of functions u33k, v33k, u3zk, v3zk, uz3k, vz3k,
uzzk, vzzk, to (9), (11) we obtain
Qe−ph(k) = N(0)
2g2ph
3ωD0
+ ν(εF )
g2ph
3ωD0
√
1 + ζ2
qe−ph(k)
3
Qe−s(k) = N(0)
p2F
3µe
η2 [qe−s − 1] (12)
Qe−s−ph(k) = N(0)
p2F
9µe
η2ζ2qe−s−ph(k)
where
qe−ph(k) =
z2ω2skω
2
ck3
(ε23k − ε2sk)(ε23k − ω2ck3)
+
(ε2sk − ω2sk)
(ε2sk − ε23k)
qe−s(k) =
z2ω4skω
2
ck3
ε2sk(ε
2
sk − ε23k)(ε2sk − ω2sk)
+
ω2sk(ε
2
3k − ω2ck3)
ε23k(ε
2
3k − ε2sk)
qe−s−ph(k) =
z2ω2skω
4
ck3
ε23k(ε
2
3k − ε2sk)(ε23k − ω23k)
+
ω23k(ε
2
sk − ω2sk)
ε2sk(ε
2
sk − ε23k)
Let us now compute Qe−ph(k), Qe−s(k), and Qe−s−ph(k) explicitly. We
introduce the following functions
we−ph = qe−ph(k); (13)
we−s =
1
1 + ζ2
qe−s(k);
we−s−ph =
1
1 + ζ2
qe−s−ph(k).
For k > kc the functions we−ph, we−s, and we−s−ph are equal to 1. Let us
note that since the pairing is performed in the range r < rc and kc = 2pi/rc
the range k > kc is of our interest. Thus using (13) we get
qe−ph(k) = 1; (14)
qe−s(k) = 1 + ζ
2;
qe−s−ph(k) = 1 + ζ
2.
Results of numerical simulation of these functions are presented on Fig.1.
Using these results we simplify (12) getting
Qe−ph(k) = N(0)
2g2ph
3ωD0
+N(0)
g2ph
3ωD0
√
1 + ζ2
(15)
Qe−s(k) = N(0)
p2F
3µe
η2ζ2
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Figure 1: The results of numerical simulation of the functions we−ph, we−s
and we−s−ph (13). These plots illustrates the equalities (14). The upper left
is the plot of we−ph as a function of k, the upper right shows the picture of
we−s, and the lower – we−s−ph. Let us note that for the values of ζ in the
range 0 < ζ < 10 all functions (13) have the same form. One can see that for
k > kc, i.e. in the area where the coupling is performed the functions we−ph,
we−s, and we−s−ph are equal to 1.
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Qe−s−ph(k) = N(0)ζ
2 p
2
F
9µe
η2(1 + ζ2).
Now Q(k) will be
Q(k) = N(0)
[
2g2ph
3ωD0
+
g2ph
3ωD0
√
1 + ζ2
+
p2F
9µe
ζ2η2(4 + ζ2)
]
(16)
Let us consider two frequency ranges. The range ω < ωD0 corresponds to
low temperature super conductivity, while the range ω > ωD0 corresponds to
high temperature superconductivity.
In the range ω > ωD0 the expression (16) takes the form
Q(k) = N(0)
[
g2ph
3ωD0
√
1 + ζ2
+
p2F
9µe
ζ2η2(4 + ζ2)
]
(17)
From (17) we see that electron-phonon interaction decreases with the raise
of critical temperature (that is with the raise of frequency). This fact is sup-
ported by experiments on isotope-effect, which shows that electron-phonon
interaction should be taken into consideration [9]. Although since electron-
phonon interaction alone is not enough to explain high critical temperatures,
one should consider more complex interaction, like spin-electron-phonon in-
teraction, as it is done in the present work.It was shown in experiments on
La2CuO4 that for T > TN spin fluctuations have high energy and the velocity
of spin fluctuations (∼ 106 cm/s) is greater than the sound velocity (∼ 105
cm/s) [10].
In the range ω < ωD0 we have
ζ =
√
3gh¯kc√
J0sM
→ 0
here M is the reduced mass of ion, g = U/J0, where U is the electron-ion
potential. Now the expression (16) takes the form
Q(k) = N(0)
g2ph
ωD0
,
which is exactly the electron-phonon interaction term in BCS theory.
Let us note that spin fluctuations exist in all superconductors. Although
in low temperature superconductors this fluctuations are small and thus do
6
not seriously affect electron coupling[11, 12, 13]. On the other hand in high
temperature superconductors these fluctuations increases due to the second
term in (17).
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